CHAPTER SIX -
CoxNTINU

| here was a report in The Wall Street Journal ( January 9. 1990) about Saudi Arabia making
another discoverv of light, high-value crude oil. Analvsts wondered about the effect of this f

on international oil prices

Chapter 5 discussed discrete probability distributions, where random variables assume
only specific designated values. In contrast, continuous probability distributions involv
random variables that can assume any value within a specified range. These variables
are called continuous random variables. This chapter examines two special continuous
variables of particular importance to managers

WHY MANAGERS NEED TO Know ABOUT CONTINUOUS
PROBABILITY DISTRIBUTIONS

Many real-world observations can be modeled using the key distribution discussed in |
this chapter: the normal distribution. If the actual situation meets the conditions of §
this important model, answers of value to the decision maker can be found without
requiring expensive and time-consuming observations. In addition, the normal dis-
tribution is the kev to understanding the most mmportant concept in statistics, which
will be discussed in the next chapter
\s for the price of oil, this pricc may Huctuate around a central value, given 2
steady market. Such Huctuations might very well be modeled with the normal distri- SITUAT
bution. If so, a series of prices that seemed out of line with this distribution could

signal an upward or downward trend

CONTINUOUS RANDOM VARIABLES

Chapter 5 introduced the cong ept of a discrete random variable, one that can assume §
only certain, g\rt-:hlunlnllvd values. A variable that can assume any value within some
wous Random range is called a continuous random variable. Such a variable is measured on a §

numerical scale, that is, constitutes either interval or ratio data.

THe U

A continuous random variable is measured on a numerical scale. Fach obser- | |
vation of the random variable can assume any value within some specified range. Uniform 1

||It'1!. dre numerous ('\.1III|)|{\ ot conhinnous I'iHILlUII] \<l]’|.|ll|t'w. since most mea- |

surements made in business applications are of this type. An automobile’s averag

number of miles per gallon of gasoline i1s one example. A small car could aver
somewhere between 25 and 30 miles per gallon, but its average mileage would be
unlikelv to exactly equal some round number. A claimed mileage of 28 miles per
gallon, for example, is commonly understood to mean approximately 28. In fact, it
is almost impossible for this car to average precisely 28 miles per gallon, since that
implies an average mileage of 28.0000 . . . | out to an infinite number of decimal
places. Since there is only one value of interest, 28, out of an mhnite number of
|H1\\I]J|l' values, the “]:n!:.l}nhl\ IS L'\tl!.ll to 1/, or .l[)pm\.m|.|h'|\ ZC10.

When dealing with a continuous random variable, one cannot seck the probabilify
that the variable will assume a specihie value. Rather, the probability that the variable
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CoNTINUOUS PROBABILITY DISTRIBUTIONS It

SITUATION 6. 1

will fall within a specified range is sought. The following two questions illustrate the

difference between discrete and continuous random variables

I. What is the probability that the number of people arriving at the checkout

counter in the next 30 seconds will be exactly three?

2. What is the probability that the lifetime of an ¢ lectronic switch will be between

tour vears and six vears?

I'he first question suggests the use of a disc rete probability distribution. There can
only be a discrete number of persons appearing at the checkout counter, such as zero.
one, two, ete. In fact, if the arrivals occur randomly and the average arrival rate is
known, the answer to this question can be computed using the Poisson distribution.
as discussed in Chapter 5

I'he second question suggests a continuous probability distribution. Any lifetime
15 possible within some reasonable range. A value between 4385 vears and 4.587
years is possible, as is a value between 5 7/8 vears and 5 15/16 years. The probability
that the observed lifetime will fall into 2 particular range is properly requested, since
the probability of the lifetime being precisely equal to some particular value is ip-
proximately zero.

Joe Price, superintendent of the Justus Bag Company, wants to check the we ight of
grain bags being filled by a machine currently used to bag wheat. Joe knows that the
correct weight for each bag is 125 pounds and that there is some room for variability

in this weight. He finds from preliminary sample that the bag weights are evenly

d
distributed between 115 and 135 pounds. The range of tolerance for fill weight for

shipping purposes has been determined as =3 sounds. Mr. Price wants to know what
purj
percent of the bags fall into this tolerance range.

THE UNIFORM DISTRIBUTION

I'here are specific theoretical probability distributions for continuous random variables,
just as there are for discrete random variables. The binomial and Poisson distributions,
discussed in Chapter 3, are examples of the latter. The uniform distribution is some-
times appropriate when continuous random variables are being observed and where
the outcome of an observation is equally likely to occur within anv given segment of

equal size in the specified range

I'he uniform distribution describes a random variable that is as likely to occur
in one segment of a given size within a specified range as another

\ uniform distribution is depicted in Figure 6.1. The range within which the
random variable can appear is specified by the values @ and b. The probability “curve”
of Figure 6.1 is of uniform height at all points between a and b, which suggests equal
probabilities of the random variable appearing within anv segment of a given width
in this range. The area of the rectangle is equal to 1.00, or 100%
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Fioure 6.1 Uniform Distribution

Furthermore, the probability of the variable falling between any two points ¢ and
d (see Figure 6.1) is equal to the percentage of the total range included between ¢ and
d and can be computed using Equation 6.1,
, d—c 6.
flesXsSd) = —
> = d
It should be noted that since the probability of a value X being precisels L'LII.].I.l tn
any specified value is approximately zero, the equality sign may or may not be included
in the specification of a range. That is,

Pe<X<d =Pe=X=d

This applies to Equation 6.1 and to any other interval specification for a continuous
variable.

Fxavrer 6.1 Emie Longnecker, a foreman at Trentwood Aluminum, knows that
the weights of cast aluminum blocks are uniformly distributed within a range of 350
to 450 pounds. If Emie selects a block at random, what i1s the probability that it weighs
between 375 and 380 pounds? Since the random variable, block weight, is known to
be uniformly distributed, a particular block weight has the same probability of appearing
in any segment of specified width in the range 350 to 450. To answer the question,
it is necessary only to compute the percentage of the desired range relative to the total
possible range. This example is illustrated in Figure 6.2, and the calculation 1s:
d-¢ 380-375 5

Pe=X=d =—=———=— = (5
i h d 450 350 100

Ficure 6.2 Uniform Distribution

Pounds




HAPTER SIX

ints ¢ and
een ¢ and

(6.1)

requal to
included

mtinuous

1ows that
e of 350
it weighs
nown fo
ppearing
Juestion,
the total
] 1s:

Conmnuous PROBARILITY DISTRIBUTIONS 169

Mean and Standard
Deviation of Uniform

Five percent of the blocks fall in the interval 375 to 380. In other words, there is a
5% chance that any randomly selected block will have a weight in this interval.
EXANMPLE 6.2 Marilyn Homer knows that the vears of company experience for
Pacific Western Industries factory workers form a uniform distribution with a minimum
of 0 and a maximum of 12.5 years. She wants to select an employee randomly and
determine the probability that this person has between 2.5 and 7.4 vears of experience
with the company. This question can be reworded: What percent of the total range,
0 to 12.5, is the interval 2.5 to 7.4? The answer is:

d — ¢ 74 = 2.5 4.9
Pe=X=d = = - = - = 397
i ; b—a 125 -0 2.5 .

There is about a 39% chance that an employee’s time with Pacific Western Industries
falls in the range 2.5 to 7.4 vears.

The mean and standard deviation of a uniform distribution are sometimes of interest.
The average value of a random variable that follows a uniform distribution falls halfway
between the range extremes. In other words, the mean is simply the average of the
range boundaries; this calculation is shown in Equation 6.2. The standard deviation
of a uniform distribution appears in Equation 6.3.

- ; i . b (6.2)
Mean of uniform distribution =

[ ]

Standard deviation of uniform distribution = |

Lower limit of range

where a

b

Upper limit of range

Il

-

EXAMPLE 6.3 Tamsen Stone, accountant for The Green Machine High-Perfor-
mance Yard Care Tools Company, has determined that the ages of accounts receivable
are uniformly distributed within a range of 4.7 weeks to 29.4 weeks. Tamsen needs
to briefly describe these account ages. The mean and standard deviation of these values
provide easily understood summaries of the account age data. These values are cal-
culated using Equations 6.2 and 6.3:

4.7 + 294 o
Mean = ———— = 17.05
[(29.4 — 4.7)
Standard deviation = [————— = 7.13

The distribution of account receivable ages has a mean of 17.05 weeks and a standard
deviation of 7.13 weeks. Tamsen knows that the average account receivable is 17.05
weeks old and that the ages deviate from their mean by a standard amount of 7.13

wee L\

The MINITAB computer software package can be used to compute uniform prob-
abilities. MINITAB commands for computing the probability for Example 6.2 are:
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MTB> SET C1
DATA> 2.5
DATA> 7.4
DATA> END

MTB> CDF C1;
SUBC> UNIFORM 0 12.5

2.8 0.2000
r e 0.5920
MTB=> STOP

I'he CDF command computes the cumulative probability of a value less than or
equal to X. In this case, the data values were set at X = 2.5 and X = 7.4, The
uniform command solved for the probability of an item falling below 2.5 (.2000) and
the probability of an item falling below 7.4 (.5920). Therefore, the probability of an

item falling between 2.5 and 7.4 is (.5920 — .2000) = .3920,

The grain mill superintendent, Joe Price, wants to know what percent of the filled
wheat bags are within 5 pounds of the desired weight, 125 pounds. Since he has
observed that weights are equally distributed between 115 and 135 pounds, the uniform
distribution can be used as a model. Joe needs to determine what percent of the total
range is constituted by the desired range using Equation 6.1

d ¢ 130 — 120 10

PesXsd)=—=——=—=}
b - a 135 = 115 20
Fifty percent of the bags will fall within 5 pounds of the desired weight of 125

pounds. Joe can now decide whether or not this is an acceptable quality level, and
he can either continue to deliver wheat bags at this level or take the time to HTprove
the filling machine performance.

The mean and standard deviation of bag weight might also be relevant to Joe's

decision. Using Equations 6.2 and 6.3, these summary values are calculated as follows

115 + 135

Mean = —————— = 125 pounds

_ (135 — 11598 _ __

Standard deviation = ,'—1_, — = 3, pounds
EXERCISES

1. Explain the difference between the uniform distribution and the Poisson distribution.

2. If you were to ;_[l.l|:l| a uniform xi]\f!!!ﬂll‘i"l’l. what would it look like?

*d

What continuous random variables are of interest to a credit union studying daily customer
transactions?

4. Which of the following random variables can be classified as continuous?
a. The number of people arriving at a toll gate
b. The number of ounces in a bottle of milk
¢. Tomorrow's temperature
d I'he number of sales made by a real estate agent this month
e. The weight of a steak bought at the supermarket
f.  The number of offers received on a car for sale
g. Number of errors found in a company’s accounts receivable records
h. Length of time a patient waits for a doctor
i How long it took vou to travel to school today
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5. Which of the variables listed in the company data base found in Appendix C are continuous
variables?

6. The manager of air operations for a West Coast commuter airline has just read an article
in The Wall Street Journal (November 6, 1989) indicating that air service between the
United States and Japan is to be greatly expanded. She is concemed about the flight time
between San Diego and Los Angeles, as that route is a kev link to the orient flights. The
flight time between Los Angeles and San Diego is known to be uniformly distributed
{ between 80 and 100 minutes
ess than or ¥
k74 The da. What is the .nu.:i{t.rimh! time between the two cities? )
(2000) and b. What is the standard \..trl.lhull in flight time between the r\m_umm_ )
g e . ¢. What percentage of flights can be expected to take between 85 and 95 minutes?
ability of an d. What is the probability that a Hight will take more than 96 minutes?
e.  What is the probability that a flight will take less than 80 minutes?

General Equipment Manufacturing believes that one of its rolling machines is producing
sheets of aluminum of varying thickness. The machine typically produces sheets
of the filled between 75 and 150 millimeters thick. It is known that this random varnable is uniformly
Nic hie kisa distributed. Sheets less than 100 millimeters thick are unacceptable to buyers and must
e be scrapped
"tll;‘jll::lit{:))rtl':; a. What is the average thickness of the aluminum sheets |:1:u1m ed |)_\ this machine?
. b. What is the standard variation in thickness of the aluminum sheets produced by this
machine?

c.  What is the probability that a sheet produced by this machine will have to be scrapped?

8. The number of bricks a mason will lav in one hour is uniformly distributed with a mean

of 200. The difference between the smallest and the largest number of bricks the mason
ight of 125 can lay 1s 100, What is the probability that the mason will lay between 160 and 190 bricks?
level, and 9. A trafhie light is set to switch from red to green according to a uniform distribution with
to improve a mean of 45 seconds. The difference between the smallest and the largest number of
secconds it takes the light to switch is 8 seconds
ant to Joe's a. Compute the standard deviation of this distribution
a5 follows: b. What is the probability that the light will take at least 43 seconds to switch?

C What is the |5ruh\|\)1]|f\ that the ||s_1|1t will take less than 43 seconds to switch?

NORMAL DISTRIBUTION

In the 18th century, astronomers observed that repeated measurements of the same
value (such as the mass of an object) tended to vary. When a large number of such
observations were recorded, organized into a frequency distribution, and plotted on a
graph, the recurring result was the shape shown in Figure 6.3. It was subsequently
discovered that this distribution could be closely approximated with a continuous
'Ii.‘li'flll]l (]l\tTiE)ll:l(J]l \(?[[l(“h]lll‘} T('i‘('rr('\'f to as ”1( i”'(lri"”IUr (h‘ﬁ?ri‘b”“‘”” I.}IIN (]i\trl})”h(l]l IS ;!I\U

referred to as the bell-shaped curve or the Gaussian curve.

by customer

FIGURE 6.3 Normal Distribution

Mean




Normal Distribution
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I'here are three reasons why the normal distribution is the most important theoretical
distribution in business statistics

1. The normal distribution approximates the observed frequency distributions of

many natural and physical measurements, such as 1Qs, weights, heights, sales,
product lifetimes, and variability of human and machine outputs
2. The normal distribution can often be used to estimate binomial probabilities

when n is greater than 20,

>

The normal distribution 1s a good approximation of distributions of both sample
means and sample proportions of large samples (n = 30). This concept will be
examined in depth in Chapter 7

Many variables in nature, including the field of business, have numerical obser-
vations that tend to cluster around their mean. In other words, it is more likely that
an observation will be close to the mean of the data collection than far awav. When
this condition holds, the theoretical normal distribution may provide a good model
of the data collection.

The normal distribution is a continuous distribution that has a bell shape and
is determined by its mean and standard deviation

Figure 6.3 shows the shape of a typical normal curve. Note that the curve i
symmetrical: half the area of the curve lies above the mean and half below it, and
these halves are mirror images. Also note that as one moves away from the mean
toward either of the tails, the height of the curve decreases. This corresponds to a
decreasing probability of finding a value the further one moves from the mean

['he theoretical normal distibution approaches infinity at the positive and negative
ends of the curve. In practice this aspect is ignored since the probability of an obser-
vation becomes very small as the distance from the mean of the curve increases. A
discussion of the mathematical equation for the normal curve is bevond the scope of
this text, but the formula is presented here to show its dependence on two key param-
cters, the mean and standard deviation of the distribution. The so-called probability
density function for the normal distribution is shown in Equation 6.4

fx I . 6.4
{4 ] = —— {.' Y oy

o\, 2
where X = Any value of the continuous random variable

i = Mean of the normal random variable

o = .\ﬂjill(].!iﬂl \]['\'].l“t]il ['[. 'lll '||‘]TH|\|1 r-]i!{lf'ﬂ” \}lrhl]]i(

e = 2.71828 . . . (natural log base

w = 3.1416 . . . (used to find circumference of circle

Mathematical computations utilizing Equation 6.4 are bevond the scope of this
text. However, note that there are two unspecified values in the equation: the mean
of the distribution () and the standard deviation (o). Both e and 7 are constants with
known values. If the mean and standard deviation are known, then a specific normal
curve has been identified, and ]uui:.l}n]mn-\ can be found

Figure 6.4 shows three normal curves, each with a different mean. However, the

Conting
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three distributions have the same standard deviation. This can be seen by the identical

shape or dispersion of each curve.

Ficure 6.4 Normal Curves with Different Means but the Same Standard Deviation

Figure 6.5 shows three normal curves, all with the same mean. However, the extent
of their variability is different. Curve A has a larger standard deviation than curve B,
and curve C has the smallest standard deviation of all

Figures 6.4 and 6.5 illustrate the point that both the mean and the standard deviation

must be known before a specific normal curve can be identified out of the infinite

number of curves available

Characteristics of the normal distribution

1. The normal distribution has a bell shape and is symmetrical about its mean.

[ 2. Knowledge of the mean and standard deviation is necessary to identify a
specific normal distribution.
| 3. Each combination of mean and standard deviation specify a unique normal

distribution.
4. The normal distribution extends indefinitely in either direction from the
mean.
The normal distribution is measured on a continuous scale, and the prob-
ability of obtaining a precise value is zero
6. The total area under the curve is equal to 1.0, or 100%. Fifty percent of the
area is above the mean, and 50% is below the mean.

The probability that a random variable will have a value between any two

points is equal to the area under the curve between those points. This area
can be determined using either calculus or the standard normal table in
Appendix E.

Jd
EXERCISES
10. Explain the difference between the uniform distribution and the normal distribution
1. Explain the difference between the binomial distribution and the normal distribution.
12, If you were to graph a normal distribution, what would it look like?
13. Which of the following are characteristics of the normal distribution?
a. The normal distribution is skewed
b }\.Hf'\\l(il;_'ﬁ of the ]||a<||.11| and standard deviation 1s necessarv to construct a \]’LL'”“-
normal distribution
i .i\‘l COmMbImMdanon "E mean 4and \\'.Etll..lil deviatnon (l_':“ 1C5 4 Hguc ( - s -
Facl mbinat n and standard deviation defus unigque normal distn

bution
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d. The normal distribution extends indefinitely in either direction from the mean
¢. The normal distribution is measured on a discrete scale
. The total area under the curve is equal to 1.0 or 100%.
g. The probability that a random variable will have a value between any two points i
equal to the area under the curve between those points.
14. Why is the normal distribution the most important theoretical distribution in busines
statistics?

Applied Business Systems, Inc., a mail-order house, has been studying the distance
involved in shipping orders to its customers. After collecting a sample of shipping
distances over the past two months and plotting them on a graph, Julie Blocker, the
company analyst, decides that these distances greatly resemble a normal distribution.
The mean distance shipped is 125 miles, with a standard deviation of 28 miles. Ther
is a shipping cost increase at 135 miles, and Julie feels that management should know
what percent of orders exceed this distance. Since the company’s own drivers can
deliver any order within 100 miles, she feels that management should also know what
percent of orders fall into this category.

FINDING NORMAL CURVE AREAS

Standard Normal
Distribution

To find normal curve areas, it is necessary to use integral caleulus along with Equation
6.4, and the computations are complex. For this reason, it would be convenient ifa
table for normal curve areas were available, as they are for the binomial and Poisson
distributions. Unfortunately, more than one table would be necessary. Figures 64
and 6.5 illustrate the point that the normal distribution is actually an infinitely large
family of distributions, one for each possible combination of mean and standard
deviation. The number of normal distributions is therefore unlimited, and providing
a table of probabilities for each combination of mean and standard deviation would
not be practical.

FIGURE 6.5 Normal Curves with the Same Mean but Different Standard Deviations

Fortunately, the problem of dealing with an infinite family of normal distributions
can be solved by transforming all normal distributions to the standard normal distri-
bution, which has a mean equal to 0 and a standard deviation equal to 1.
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The standard normal distribution has a mean equal to 0 and a standard deviation
equal to 1.

Any normal distribution can be converted to the standard normal distribution by

2 Valui standardizing each of its observations in terms of z values, The z value measures the

distance in standard deviations between the mean of the normal curve and the X value
of interest. In Chapter 4, the z value was called the standard score

The z value is a measure of the number of standard deviations between the
mean or center of a normal curve and the value of interest.

Equation 6.5 shows how the observations from any normal distribution can be
standardized by forming a standard normal distribution of z values.

= X i 16.5)
e o
where z = Number of standard deviations from mean
X = Value of interest
i = Mean of distribution
o = Standard deviation of distribution

Examples 6.4 and 6.5 illustrate applications of Equation 6.5

Normal Curve Areas EXAMPLE 6.4 A normal curve has a mean of 500 and a standard deviation of 25

An analyst is interested in the value 535 and wants to find the normal curve areas
both above and below this value.

What is the correct z value for 5352 From Equation 6.5, the z value is:

X - (535 — 500)
= - = = ].40

25

e ]

Figure 6.6 shows both the actual scale of this normal distribution and the stan-
dardized scale for the standard normal distribution. Note that the standard normal
distribution is created by converting the actual values to z values.

FiGURE 6.6 Normal Curve for Example 6.4

Ongmal units — L ()

values - () Hi




CHAPTER DX

EXAMPLE 6.5 Coffee prices recently tumbled to a 14-vear low of 76.5 cents
pound, according to The Wall Street Journal (October 4, 1989). Suppose a smal
importer in Florida watches these prices closely, as they are directly related to profits

I'he importer averages 2,700 pounds per month with a standard deviation of 131

pounds. What is the z value for 2,200 pounds on this distribution?

2200 — 2700 t

r
|
-
-
W1

130

\fter the z value for the standard normal distribution has been calculated, the next
step is to use the standard normal table to look up the corresponding area under the

curve. The standard normal table, located in Appendix E, is designed to be read in
units of z, the number of standard deviations from the mean. The table shows the
area under the curve between the mean and selected values of z. It is important to
remember that this table specifies the area between the center of the curve and the
point specified by the z value.

Since the normal distribution 1s symmetrical about its mean, the left half of the
curve is a mirror image of the right half. Because of this symmetry, the standard
normal table prm]:iu\ nu]_\ the r:g]]t half (i.e., ]}fmtin- z values) of the distribution
If the z value of interest is negative, the minus sign is ignored, and the area is obtained

in the same manner as if the z value were positive. For example, the area under the

curve between the mean and + 2 standard deviations is exactly equal to the area under
the curve between the mean and — 2 standard deviations
I'he reason for the empirical rule presented in Chapter 4 can now be explained

Using the standard normal table, it is possible to find the percentages of items on.a

standard normal distribution that will fall within 1, 2, and 3 standard deviations of

the mean. These values are calculated in Example 6.6 ‘
EXAMPLE 6.6 What percent of the values on a normal curve can be expected to
fall within 1, 2, and 3 standard deviations of the mean? The standard normal table ’u

is entered with z = 1, z = 2, and z = 3, and the areas are noted. These areas are
then doubled to account for values both above and below the mean. These areas are

z =1 (3413 (2 6826
z = % (HTTH{E) 9544 I'
z =3 (.4987)(2) = .9974

I'hese values establish the empirical rule that was presented in Chapter 4: about §
68% of the values are within 1 standard deviation of the mean, about 95.5% are withi
2 standard deviations, and over 99.7% are within 3 standard deviations. Figure 6.7
shows these areas.

Examples 6.7 through 6.13 illustrate .Jppha:.m:m\ of the standard normal table

EXAMPLE 6.7 A normal distribution has a mean of 5 and a standard deviation of
2.1. What is the probability that a numerical value randomly drawn from this distn-
bution will lie between 5 and 77 In this example, the question is phrased properly
hl'i'.l'l].‘«(' 1]|L' |]|.’T]HE|] (i|\t||l“”‘|i!|l TLP[(.'\‘.']It\ d tli[l1i]]l[flll\ [;ili(]“]]] \.“l‘ih]t', .I]I(I 1JEFI|1-
abilities must be stated for a range, not a specihe value

I 4
7 £ w |

igure 6.8 shows the desired
area. Using ]".qn.muu 6.5, the zvalueis: z = (7 — 5)/2.1]

= 0.95
Since the area desired extends from the mean of the curve (5) to a point of interest,
X (7). the desired area can be read directly from the standard normal table using the

ConTi
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Ficure 6.7 Normal Curve Areas for Example 6.6

FIGURE €

8 Normal Curve Area for Example 6.7

o

vilues —

calculated z value. Note the gr;lph at the top of the table in _\pp(:mh.\; E, which suggests
that the areas under the curve are measured from the center of the curve to the point
of interest.

The left column of the standard normal table lists the z value with only one digit
on each side of the decimal point. Since the z value for this example is .95, the 0.9
row is used. The values across the top of the table give the second digit to the right
of the decimal point. Since this digit is 5 in this example, the .05 column is used.
At the intersection of the 0.9 row and the .05 column of the table is the value .3289
This is the percentage of the total area under the curve found between the center of
the distribution and a point 0.95 standard deviations away. There is about a 33%
chance of drawing a value from this normal distribution that lies between 5 and 7.

EXAMPLE 6.8 A normal distribution with a mean of 250 and a standard deviation
of 12 is being studied. It represents the number of mutual fund shares traded on a
local exchange. The fund managers note that mutual fund sales nationally rose 4.2
billion in August 1989 to the highest value in two vears (The Wall Street Journal,
October 2, 1989). What is the probability that a share value randomly selected from
this distribution will fall between 225 and 2507 The z value is: z = (225 — 250)/
12 = —2.08.

The negative sign of the z value indicates that the X value of interest (225) 1s less
than the mean of the distribution (250); the negative sign is ignored when the z value
is looked up in the standard normal table. As in Example 6.7, since this area is
measured from the mean of the curve to some point, the desired area or probability
can be read directly from the table. The 2.0 row of the table is used along with the
.08 column, and the desired area is read from the table as .4812. Thus, there is about
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a 48% chance that a randomly selected item from this distribution will fall in the
interval 225 to 250

Examples 6.7 and 6.8 both involved areas measured from the mean or center of
the normal curve to a point of interest. As a result, the normal curve area could he
read directly from the table. There are three other kinds of normal curve areas tha
might be of interest:

. An area that lies at one end of the curve (see Example 6.9).

2. An area that spans the curve mean; that is, some of the area is above the mean
and some is below (see Example 6.10).
3. An area that is either above the mean or below it but does not include the

mean (see Example 6.11).

EXAMPLE 6.9 A normal distribution has a mean of 4.9 and a standard deviation B9
of 1.2. What percent of the area under this curve lies above 67 This question can be
rephrased: What is the probability that an item randomly selected from this distribution

will have a value above 67 Figure 6.9 shows the desired area.

FIGURE ¢ Normal Curve Area for Example 6.9
o=1.1
f/-l\
/ \
/ |\
/ ' i
O il uni - u=4
Hu -

To solve this problem, it is first necessary to find the area from the mean of the
curve (4.9) to the X value of interest (6). This area is found by calculating the z value
and referring to the standard normal table. The z valueis:z = (6 — 4.9)/1.2 = (.92

The area from the standard normal table corresponding to a z value of 0.92 i
.3212 (found at the intersection of the 0.9 row and the .02 column). To find the
desired area, it must be remembered that exactly 50% of a normal curve lies above
the mean and 50% lies below it. If half the normal curve area lies above the mean
of 4.9, and if the area .3212 lies between 4.9 and 6, then the remaining portion of
the half must lie above 6. Therefore, the desired area is: 5000 A212 = 1788
['here is about an 18% chance that a randomly selected item will have a value greater
than 6 since about 18% of the curve area lies above this value

Incidentally, the area in one tail of the normal curve is of particular importance
in many statistical applications. In the chapters on statistical inference, this area will
be referred to as the probability value, or p-value, and will be the basis on which
a conclusion about the population will be reached. In subsequent chapters, refer
ences to p-value will simply refer to the area in either the upper or lower end of 2
curve.



“HAPTER SIX

fall in the

ir center of
:a could be
: areas that

the mean,

2 the

| deviation
ion can be
listribution

an of the
1€ z value
= (),92.
of 0.92 is
) find the
lies above
the mean
sortion of
= .1788.

ic greater

portance
arca will
n which
1, refer-
end of a

Coxtvuous PROBABILITY DISTRIBUTIONS

FExXAMPLE 6.10 What is the probability that an item drawn from an inventory of
television tubes will have a shelf life between 2 and 10 weeks? The ages of these parts
are known to follow a normal distribution with a mean of 5 weeks and a standard

deviation of 4 weeks. Figure 6.10 shows the desired area.

FIGURE 6.10 Normal Curve Area for Example 6.10
a 4
'\\.
\
\\
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! |
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Hues —» - 1 (25

This problem actually involves two normal curve areas, each measured from the
center of the curve, that must be determined separately. The two areas will be added
together to find the desired value. The two z values and their areas are:

2734  (Area between 2 and 5)

z=(2 =514 =-075—
z=(10 —5/4 =1.25 — .3944 (Area between 5 and 10)
Sum = .6678 (Area between 2 and 10

or

There is about a 67% chance that a randomly selected television tube will have a

lifetime of between 2 and 10 weeks.

EXAMPLE 6. 11  Years of company experience of a pool of first-line supervisors at
Future Business Products, Inc., are known to follow a normal distribution with a
mean of 7.8 vears and a standard deviation of 1.5 years. This information came to
light after the president of the company began an investigation into the company's
retention ]H(}|)|L‘Ill. This investigation was started after the prcxidcnt read an article
(Inc. magazine, May 1989, p. 132) about the advantages of bonus and incentive
svstems for employees. What is the probability that a randomly selected supervisor has
between 8 and 10 vears of experience? Figure 6.11 shows the area to be determined.

FiIGURE 6.11 Normal Curve Area for Example 6.11
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To solve this problem, it is first necessary to find the area between the mean of the
curve, 7.8, and 10, the upper value of interest. The area between 7.8 and 8 will then
be subtracted from it. The result is the area lving between 8 and 10, The two z values
and their areas from the standard normal table are:

z= (10 —7.8)/1.5=147— 4292 (Area between 7.8 and 10)
z=(8 — 7.8/1.5 = 0.13— 0517 (Area between 7.8 and §
Difference = 3775 (Area between 8 and 10

There 1s about a 38% chance that a randomly selected supervisor will have between
8 and 10 vears of experience with Future Business Products, Inc.

Sometimes an analvst knows the area under the curve and must find an actual
value or a z value. Example 6.12 illustrates this situation

EXAMPLE 6.12  The Alpine Tire Company has determined from road tests that
the mean mileage of its main product is 50,000 miles with a standard deviation of
5,000 miles, and that the collected data are normally distributed. Alpine wishes to
offer a warranty that will provide a free replacement for any new tire that fails before
the guaranteed mileage. If Alpine wishes to replace no more than 10% of the tires,
what should the guaranteed mileage be?

FIGURE 612 Normal Curve Area for Example 6.12

P 1 SN

Figure 6.12 shows the area of interest (shaded). To solve this problem, reverse the
procedure for using the standard normal table. That 15, instead of looking up the area
for a particular z value, the analyst looks for the z value that coincides with the area
of interest under the curve. This area equals 10%, but to find the appropriate z value
in the table, the analvst must subtract 10% from 50% (see Figure 6.12). The area that
is closest to 4000 is .3997, which is found at the intersection of the 1.2 row and the
.08 column. The z value is thus —1.28 (the negative sign indicates that the z value
is below the mean). To find the appropriate mileage for the guarantee, a z value of
— 1.28 is substituted into Equation 6.5:

X - p
& & ___{r__.._
_1.28 = X -. S0, 000
5.000
X — 50,000 = —=1.25(5,000)
X — 50000 = —6.400

X = 43.600
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Continuous PROBABILITY IISTRIBUTIONS 18

Alpine should set their guarantee at 43,600 miles since only 10% of actual tire mileages
will fall below this value.

\s implied by the preceding example, Equation 6.5 can be manipulated so that X
can be solved for directly: X = p + zo

FEXAMPLE 6.13  The scores on a national examination follow a normal distribution
with a mean of 580 and a standard deviation of 38.4. If a person scores higher than
92% of all those who have ever taken the exam, what score did this person get? With
02% of the scores below this X value, 42% of the scores must lie between the mean
of 580 and X (see Figure 6.13). In the standard normal table, an area of .4207 is
closest to the desired value of .42. The z value for this area is 1.41, so X 1s 1.4]
standard deviations above the mean:

X=pn+zo
X = 580 + (1.41)38.4) = 634

Ninety-two percent of the people scored below 634 on the national examination.

FIGURE 6.13 Normal Curve Area for Example 6.13

Unigmal units > i = 58

o — 0 | 41

I'he MINITAB computer software package can be used to compute normal curve
probabilities. The MINITAB commands for computing the normal probability for
Example 6.8 are:

MTB> SET C1

DATA> 225

DATA> 250

DATA> END

MTB> CDF C1;

SUBC> NORMAL 25012.
225 0.0186
250 0.5000

MTB> STOP

The CDF command computes the cumulative probability of a value less than or equal
to X. In this case, the data values were set at X = 225 and X = 250. The uniform
command solved for the probability of an item falling below 225 (.0186) and the
probability of an item falling below 250 (.5000). Therefore, the probability of an item
falling between 225 and 250 is (.5000 0186) = .4814.
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SITUATION 6.2

Resolved

Chebvshev's Theorem

CHAPTER SIX

Applied Business Svstems, Inc., wants to know what percent of its orders are shipped
more than 135 miles and what percent are shipped less than 100 miles. From a graph
of shipping distances, it is apparent that a normal curve can be used to approximate
shipping distances. The mean distance is calculated to be 125 miles with a standard
deviation of 28 miles. Figure 6. 14 shows the desired arcas.

FIGURE 6.14 Normal Curve Areas for Situation 6.2

o 28

- |

COhriginal units — 100 =125 135

z values — aY L e

I'he z values for the two areas can now be found. Since the areas are on the ends
of the curve, the values from the standard normal table must be subtracted from .50
to get the desired results. The calculations are:

= = (135 125)/28 = .36 = .1406 (Area between 125 and 135
5000 406 = 3594 (Area above 135

z = (100 — 125)/28 = —0.89 — 3133 (Area between 100 and 125
5000 — L3133 = 1867 (Arca below 100)

About 36% of the orders are shipped in excess of 135 miles. This is a significant
percentage, and management should investigate ways of reducing the higher shipping
charges for these distances. About 19% of the firm'’s orders are shipped less than 100
miles. The company should evaluate the cost benefits of using company drivers for
this rather low percentage of orders.

Example 6.6 provided areas for the empirical rule, which applies only if the dis-
tribution in question follows a normal curve or can be closely approximated with one.
For distributions that do not follow a normal eurve, areas can be estimated through
the use of Chebyshev's theorem, which was briefly mentioned in Chapter 4. The
theorem states that regardless of how the data values are distributed, at least a certain
percentage will lic within a specified range around the mean.

Chebyshev’s theorem

Regardless of how the data values are distributed, at least (1 — 1/k°) of the values
will lie within k standard deviations of the mean (for k = 1).
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EXAMPLE 6.14 The distribution of ages in a factory do not follow a normal

 shipped ' distribution but have a mean of 44.8 with a standard deviation of 9.7. Using
1a £_;I-Ip|l Chebvshev's theorem, the percentage of ages within 2 standard deviations of the mean
roximate can be calculated

standard I L3 = 1] Y32 = 1 1 = 75

Ihus, at least 75% of the ages in the factorv are within 2 standard deviations of the

mean. In other words, the ages of at least 75% of the L-:[||)}r1\\-y\ range from

14

44.8 — (2)9.7) to 4.8 + (2X9.7). or from 25.4 to 64.2 vears.

FXERCISES

15. In using the standard normal table to look up a z value, what peint is used consistently

as the reference pont?
16. Why doesn’t the standard normal table contain areas above 30007
17. Why are X values converted to z values?

18. Draw a normal curve and shade the area under the curve for each of the following:

a. The area between the mean and z = .75
b. The area between the mean and z = LS
¢. 'The area between z 1.25and z = 0.25
d. The area between z 0.30 and z 2.00
e. The area above z [.00
he ends f. The area below z -3.00
om .50 19. Find the 1>rni1.il'u||:!\ ot an item m”n:-_: into cach of the shaded intervals drawn in Exercise
15
135 20. Find the z value that corre \!JHI-\|~ to cach of the areas described

a. Seventy percent of the items lic above this z value
b. Twenty percent of the items lie below this z value
) C I'en percent of the items lie above this z value

d. Sixtv percent of the items lie above this z value

21. Home loan applications are normally distributed with mean of $100,000 and a standard

nificant

g
5

deviation of $25,000 at the Rainier State Bank. Bank policy requires that applications

Ipping R
e, involving loan amounts in the lowest 3% be submitted to a vice president in charge of

J[NI authorizing low-income housing loans. What size home loan requests are submitted to
vers for this vice president?

22, Street lights used in the residential areas served by Utah Power & Electric are constructed
to have a mean lifetime of 300 davs with a standard deviation of 50 days. If it can be
assumed that street light lifetimes are normally distributed, what percentage of the lamps
a. Last longer than two vears?

he dis- b, Last between 400 and 625 days?

th one ( Last longer than 600 davs?

hrough d. Last between 350 and 450 days?

4. The 23. The fuel consumption of a fleet of 1,000 trucks is normally distributed with a mean of 12
certain miles per gallon and a standard deviation of 2 miles per gallon

a. How many trucks will average 11 miles or more per gallon?

b. How many trucks will average less than 10 miles per gallon?

c. How many trucks will average between 9.5 and 14 miles per gallon?

d. How many trucks will average between 9 and 11 miles per gallon?

e. What is the probability that a truck selected at random will average over 13.5 miles
lues per gallon?

f Seventy |JL'|‘<'L'|:I of the trucks average more than what HIIILHI.'._’&'-’

g. Ten percent of the trucks average less than what mileage?
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SITUATION 6.3

NORMAL APPROXIMA’

CHAPTER SIX ON

24. Horace Gainey, analyst for the Splice Soft Drink Corporation, is asked to set the fill leve
for the company’s new soft drink dispensers. If the ounces of fill are normally distributed
with a mean of w and a standard deviation of 0.2 ounces, what should Horace set p at s
that 8-ounce cups will overflow only one time in a thousand? N

S

2 I'he Brooks PH|>]]‘-}|]]I'_—_{ (.:rlill]).\l]l\ |'1.1~ Lh“'cr\ ered Hl.t[ the number of \\crl(lp Ulnf.iln'.,'.l Bl %
new manuscripts in excess of the number specified in the author’s contract is normally
distributed with a mean equal to 40,000 words and a standard deviation of 10,000 wor

If Brooks wants to be 90% certain that a new manuscript will be less than 250,000 words
how many words should be specified in the author’s contract?
26. The hourly wage earned by workers at a state correctional institution is normally distributed
with a mean of $9. 10 and a standard deviation of $0.90
a. What is the probability that a worker’s hourly wage exceeds $10.00?
b. What is the probability that a worker’s hourly rate is between $7.70 and $11.507
¢. What proportion of the workers earn less than $5.50?
d. Half the workers earn more than what amount?

Professional Marketers, an independent research firm, has been asked to take a random
sample of 1,000 voters from Lincoln County to determine whether or not they approve
of a proposed bond issue. At least 60% of the voters on election day must approve the
issue for it to pass. Shirly Knight, president of Metro Growth, the organization spon-
soring the bond issue, is assuming that there is 60% support among all voters. She

wants to know the probability that the sample will reveal a support level less than 58%

if her assumption of at least 60% favorable is actually true.

roN To THE BINOMIAL

Chapter 5 presented the binomial distribution and various methods of solving binomial
problems. As shown in Figure 5.7, if the number of trials (n) is 20 or less, the correct |
binomial probabilities can be found in the binomial tables of Appendix E. If n is
greater than 20 and the probability of success, p, is either very small or very large,
the Poisson distribution can provide a good approximation using the method discussed
in Chapter 5.

Suppose a binomial problem involves an n value larger than 20, so that the binomial
tables cannot be used, and a proportion that is neither very small nor verv large. In
such a case, the Poisson approximation is not appropriate, and another method of
solving the problem must be found.

As suggested by Figure 5.7, the normal curve provides a good approximation to
the binomial distribution under these conditions. The approximation is made that the
discrete binomial distribution follows the continuous normal distribution. This ap-
proximation introduces an error into the probability calculations, but this error has
been found to be quite small

When the normal approximation is used, the mean and standard deviation of the
binomial distribution must be found so that they can be used to compute normal
curve probabilities.
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The normal distribution provides a close approximation to the binomial distri-
bution when n is large and p is close to . 5. As a rule of thumb, this approximation
is appropriate when np >5 and n(l — p) > 5.

Both the Poisson and binomial distributions are discrete, whereas the normal curve
is continuous, Since discrete variables involve only specified values, intervals will have
to be assigned to the continuous normal distribution to represent binomial values. For
example, continuous values in the range 4.5 to 5.5 correspond to the discrete value
5. This addition and subtraction of .5 to the X value is commonly referred to as the
continuity correction factor.

To find the binomial probability of exactly 5 successes, the normal curve approx-
imation is used based on the probability (i.c., the area under the normal curve) between
4.5 and 5.5. If the desired binomial probability is for 15 or more successes, the normal
curve area from 14,5 to % is found. If the binomial probability of interest involves 4

or fewer successes, the appropriate normal curve area is from 4.5 to —=,

Since the number of trials, or sample size, is usually large in practical situations
where the normal distribution is used to approximate the binomial, the continuity
correction factor typically has a negligible effect. However, this correction is made in
ll!‘_' L'NL][[IP[L'\ .lll[} CXCICISCS []H" "l}”!}\\.

FIGURI > Normal Approximation to the Binomial

Probability density

Number of successes

Figure 6.15 shows how the normal curve can be used to give binomial probability
approximations. The bars represent binomial probabilities for the distribution of X
successes in 100 trials where the probability of success is .5. The normal curve su-
perimposed over the binomial histogram has a mean and standard deviation equal to:

p = ap = (100).50) = 50
o= Vapll — p) = VII00).50).50) = 5

Figure 6.15 shows that the area in any set of bars (the binomial probability) is
approximately equal to the corresponding area under the curve (the normal prob-
ability).

Figure 6.16 also shows how the binomial distribution can be approximated by the
normal distribution. In Figure 6. 16 three binomial probability distributions have been
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Il

plotted for p = .5:n = 5, n = 10, and n = 20. Normal distributions with means

of np and standard deviations of \V/np(T — p) have been superimposed on the binomial

distributions. Figure 6.16 indicates that as n increases. the normal distribution more
closely approximates the binomial distribution

i O Normal Approximation to the Binomial

Number of successes

Probability

Number of successes

Probability
,/
>

Number of successes

CXAMPLI 1> The librarian of the John Kennedy Librarv. Don Lake. randomly
selects 100 books from the shelves and inspects them to determine physica

condition
In his last inspection, 40% of the books were found to be in an unsatis factory condition

\\.\ummg, this percentage still holds, what is the probability that Don will find at least
50% of the sampled books unsatisfactory?

Ihis is a binomial situation, since a book is either in good condition or not and
since independence between selections is ensured due to random sampling. The
binomial problem can be stated

n = 100 § = 40 PX = 50) = ?




HAPTER S

X

ith means
: binomial
tion more

ndomly
ndition.
ndition.

at least

not ‘nd
g. The

Continuous PROBABILITY DISTRIBUTIONS

The normal curve can provide an approximation to the correct binomial answer,
since 1 is too large for the binomial tables and the proportion (.40) precludes use of
the Poisson approximation (np = 40). The mean and standard deviation of the bi-

nomial situation are first found:

w = np = (100)(.40) = 4)
o = Vnp(l — p) = V(100).40).60) = 4.9

Figure 6.17 shows the area that needs to be computed from the standard normal
table. Note that the continuity correction factor is used. The desired area to be found
in the standard normal table is from 40 to 49.5. The z value for the desired area is:
z = (49.5 — 40)/4.9 = 1.94

FIGURE 6.17 Normal Approximation to Binomial
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The standard normal table indicates that the probability of obtaining a z value of
1.94 is extremely high. Therefore, Don can assume that an area of 47.38% is being
covered by an X value 1.94 standard deviations above the mean. There is only a small
chance, 2.62%, that 50 or more of the sampled books will be unsatisfactory.

SITUATION 6.3 Joan Hermandez of Professional Marketers is assigned the task of answering Shirly

Resolved Knight's question. She formulates the situation as a binomial problem:
£ -

n = 1,000 p = .60 P(X < 580) = ?

The normal approximation will be used for this problem. The mean and standard
deviation for the binomial situation are found, and the z value is computed:

i = np = (1,000)(.60) = 600

o= \Vapll = p = VAT.000Y.60) 40) = 15.5
z = (579.5 600)/15.5 = —1.32
From the standard normal table, the area for a z value equal to —1.32 is .4066. Joan
must subtract this area from .5000 to find the area in the lower end of the normal
curve. The correct area is: .5000 4066 = 0934
Joan explains to Shirly that there is about a 9% chance that the sample will result
in less than 580 favorable responses if, in fact, the voter population has a favorable

response rate of 60%.
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EXERCISES
27. When is the Poisson distribution a good approximation for the binomial distribution?
28. When is the normal distribution a good approximation for the binomial distribution?

29. What problem occurs when the normal distribution is used to approximate the binomial
distribution? (Hint: This problem does not occur when the Poisson distribution is used

30. Explain the concept behind the contimity correction factor

31. For a binomial distribution with n = 50 and p = 40, find:
a. P(X = 20)
b. P(X = 15)
c. PX=17)
d P(X=124

32. In the past, Sue Megard has made mistakes on 10% of the tax returns she prepared. What
is the probability that she will make mistakes on less than 5 of the 70 returns she prepares
for 19907 Assume statistical independence

-+
Yl

A salesperson has a 30% chance of making a sale to any customer called upon. If 11
calls are made during a particular month, what is the probability that:
a. At least 30 sales are made?

b I‘t'\\ thd“ ‘+l| \;ll‘.'\ are '|||;ld(."‘
34. An automatic machine produces washers, 4% of which are defective. If a sample of 30

washers is drawn at random from the production of this machine, what is the probability

of observing at least 10 defectives?

e
a1

As of 1987, according to the Statistical Abstract of the United States: 1989, 23.6% of the
country’s 89.5 million houscholds were classified as one-person houscholds. If 1,50
houscholds are randomly selected to participate in an Arbitron survey to determine tele-
vision ratings, find the probability that no more than 375 of these are one-persor
households.

36. Management of the Boulevard Restaurant has been studying whether or not new customers
return within a month. The collected data reveal that 60% of the new customers have
returned. If 90 new customers dine at the Boulevard Restaurant this month, what is the
probability that at least 50 will return next month?

This chapter has presented two continuous probability distributions that are useful
models of many practical business situations: the uniform distribution and the normal
distribution. The normal curve in particular is used frequently in business applications
because so many business variables have values corresponding to the two key attributes
of the normal curve: the values are symmetrically clustered around their mean, and
there are more values close to the mean than far from it.

It is important to understand how to compute normal curve probabilities given the
mean and standard deviation of the distribution because of the many situations that
can be modeled with the normal curve. An even more important reason for under-
standing normal curve areas is discussed in the next chapter. The normal curve
underlies the inferential process that is the basis of all statisties: the process of reaching
conclusions about populations based on sample evidence.

Finally, the normal approximation to the binomial distribution was presented
Along with the binomial procedures of Chapter 5, four methods of solving a binomial
problem have been presented: the binomial formula, the binomial tables, the Poisson
approximation, and the normal approximation.
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Continuous PROBABILITY DISTRIBUTIONS

APPLICATIONS OF STATISTICAL CONCEPTS IN
THE BUSINESS WORLD

GLOSSARY

Many numerical data arrays in the business world closely resemble a uniform distri-
bution and can be modeled as discussed in this t'}l'.iptcl'. Also, there are times when
the normal approximation is useful for computing binomial probabilities. But the
greatest application of the concepts in this chapter involves the many data collections
found in the business world that approximate the shape of a normal curve

When such a data array is found, percentages or probabilities can be easily deter-
mined using z values and the standard normal table. In fact, this method is so easy
that it is frequently used even before the data distribution has been verified to resemble
a normal curve. Obviously, it is important to verify the normality assumption if the
results are to be accurate, Following are examples of variables that might follow a
normal distribution and for which the technmiques of this chapter are useful.

Accounting: accounts receivable, accounts pavable, cash balance, value of in-
ventory, bad debt expense

Manufacturing: dollar value of inventory, percent defective in manufacturing
process, number of davs to receive shipment, number of overtime hours per
week, hours of labor per unit, weights of manufactured parts, lengths of parts.
Finance: interest rate paid as deviation from prime rate, company’s stock price as
percentage of Dow Jones, ratio of annual dividends to camings, several compa-
nies price/eamings ratios

Marketing: ages of credit card holders, numerical ratings of store performance by
customers, monthly market share, percent of customers lost per month, miles
traveled by customers to store

Personnel: time with company, years of education, score on company entrance
test, job performance rating, number of dependents, annual salary, sick days
taken per vear

Quality control: time between defects, defective items per shift, percent out of
tolerance, time until part failure, time until defective condition detected

Continuous random variable A random variable measured on a numerical scale.
An observation of the random variable can assume any value within some specified
range

Uniform distribution A distribution describing a random variable that is as likely
to occur in one segment of a given size within a specified range as another,
Normal distribution A continuous distribution that has a bell shape and is
determined by its mean and standard deviation

Standard normal distribution A distribution that has a mean equal to 0 and a
standard deviation equal to 1.

z value A measure of the number of standard deviations between the mean or
center of a normal curve and the value of interest.

Chebyshev’s theorem A rule stating that regardless of how the data values are
distributed, at least (1 — 1/k°) of the values will lie within k standard deviations of

the mean (for k = 1)



KEY FORMULAS

SOLVED EXERCISES

CHAPTER Six

Uniform probabilities
] :
Pe<X=d) = ——
b a

Mean of uniform distribution

Normal distribution probability density function

) | ,
(X) = ——a= g~} |K=w)ig
f oV :1Tc

z value or standardized value

1. UNIFORM DISTRIBUTION
The Latah Creck Winery produces between 200 and 300 gallons of wine each day
uniform distribution best describes this process

a. What is the average amount of wine produced each day?

I'he

b, What is the amount of variability in the number of gallons of wine produced from

day to day?

c. In what percentage of days can production be expected to fall between 220 and 270

gallons?

d. What is the probability that production will be more than 280 gallons tomorrow?

Solution:
200 4+ 300 s
a. Mean = — =
i (300 = 200
b. Standard deviaton = | S i 289
. 270 = 220 50 .
c. PR2=X=127)= —m = = .50
300 — 200 100
) 300 — 280 20
d P280=X=300)= ——— = — = 20
300 — 200 100
2. NORMAL DISTRIBUTION

-

American Carpets has 2,000 accounts receivable. The mean and standard deviation are

$300 and $50, respectively. Assume that the accounts are normally distributed.
d. How many accounts exceed $4002

b. How manv accounts are below $250?

I
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EXERCISES

¢. What is the probability that an account selected at random will be between $200
and $3507

d. What percentage ol the accounts are between $325 and $375?

e. Forty percent of the accounts exceed what dollar amount? (Hint: Fifty percent of
the accounts are for more than $300

/ T'wenhy percent of the accounts are below what dollar amount?

Solution
a. z = (400 = 300)/50 = 2.0 = 4772 (Area between 300 and 400
5000 — .4772) = 0228 (Area above 400
2,000 x .0228 = 45.6, or approximately 46 accounts
b, = = (250 — 300)/50 = =1.0 = .3413 (Area between 250 and 300
5000 — .3413 = | 1587 (Area below 250)
2,000 x 1587 = 317.4, or approximately 317 accounts
c. z = (200 = 300)/50 = =2.0 = 4772 (Area between 200 and 300)

z = (350 — 300)/50 = 1.0 — .3413 (Area between 300 and 350)
Sum = 8185
I'he probability 1s approximately .82

d. z = (375 300)/50 = 1.5—.4332 (Area between 300 and 375

z=(3 300)/50 = 0.5—.1915 (Area between 300 and 325
Difference = .2417 (Area between 325 and 375

T'he percentage is approximately 24%

e. (5000 4000y = J1000— = 0.25
X = i + 2o = 300 + 0.25(50) = :.[_-'%
Forty percent of the accounts are worth more than $312.50

f. (5000 = .2000) = 3000— z = —0.54
X )+ o= 300 + 1), 54K 50 258

I'wenty percent of the accounts are worth less than $258

NORMAL APPROXIMATION TO THE BINOMIAL DISTRIBUTION

Colorado Power Company provides lower rates to customers who agree to use energy
mainly at off-peak hours, Thirty percent of their customers take advantage of these savings
I'he consumer affairs department has conducted a focus group and is preparing to conduct
a random telephone survey of 500 customers. The department supervisor wants to make
sure that the group will contain a sufficient proportion of off-peak users.

a. What is the pro

survey?
h. What is the smallest number of off-peak users likely to be included in this sample?

yability of obtaining fewer than 150 off-peak users in the telephone

Hint: Use 3 standard deviations below the mean, which will include 9987 of the

arca under the curve.

Solution:

g: p=ap = S00(.30) = 150
Since 50% of a normal curve lies below the mean, the probability of obtaining fewer

than 150 customers 1s 30%

—

b. o = \Vnpll = p v/ 3000.30).70) = 10.25
X =W + z0 150 + (-3.0%10.25) = 119.25
The probability of fewer than 119 off-peak users in the sample is .0013

Draw a normal curve and shade in the area under the curve for each of the following

a. The area between the mean and z = 2.50

b. The area between the mean and z = —0.75
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CHAPTER Six ®
'he area between z 1.55 and z = 0.89
d. The area between z 0.38 and z = 2.18
e¢. The area above z = 2.68
| I'he area below z 1.15 I

Find the probability that an item would fall in each of the shaded intervals drawn in

} XCTICISC 2

Find the z value that IlI:{"\|Jil||\|\ to each of the areas described

a. Fifty percent of the items lie above this z value.

b. Thirty percent of the items lie below this z value

¢. The chances are 1 in 10 that an item selected at random will deviate from the mean
by more than this z value

d. Five percent of the items will lie more than this distance (measured in terms of a 2
value) from the mean

I'he total time needed to process a mortgage loan application at Bancshares Mortgage
Company is uniformly distributed between five and nine days
da. What is the

b. What is the amount of vanabilitv in the loan processing tine?

e amount of loan processing time?

¢.  What percentage of loans are processed within eight davs?

d. What is the |>'.u|=.1||lll?\ that a loan will take more than six days to be i]nJL'L‘\\L'lr
Mary Walsh is studying the records of the Valley Appliance Company to determine the
adequacy of the present warranty policy for refrigerators. She finds that the length of time
Vallev Appliance refr

mean 3.7 vears and star

rators operate before requiring repairs is normally distributed with

lard deviation 2.1 vears. The company presently repairs free any
machine that fails to work properly within a two-year period after purchase. What percentage
of Valley \])])]I.Ihu- retngerators require these free repairs? |
T'he Barcellos” Tum Tum Resort staff keeps track of the number of days each guest stays.
They have discovered that this variable is normally distributed with a mean of 9 and a
standard deviation of 3. The forecast for next month indicates that 300 guests are expected

a. How manv guests are expected to stay fewer than 5 days?

b. How many guests are expected to stay more than 15 days? [
¢. How many guests are expected to stay between 6 and 12 days?
d. Fifteen percent of the guests leave after how many davs?

e. Seventy-five percent of the guests stay longer than how many days? I

I'he label on boxes of Spic and Clean, a laundry detergent, indicates that the net weight
is 27 ounces. A machine fills these boxes in a uniformly distributed manner, with the
smallest box containing 26 ounces and the largest 28 ounces. Quality control accepts boxes
filled within 0.9 ounces of the amount stated on the box

a. How much variability is there in the amount put in the boxes?

h. What is the probability that a box will be hlled with between 26.8 and 27.5 ounces?
¢. What is the probability that a box will fail to meet the quality control standard?

In a large L-Mart discount store, the maintenance department has been instructed to
n'|:]:u'«.' all of the ||:;l|1 bulbs at the same hme. Past expernence indicates that the life of
light bulbs is normally distributed with a mean life of 750 hours and a standard deviation

of 40 hours. When should the lights be replaced so that no more than 7% bum out?

I'he accountant for the Forrest Paint Company, Don Horner, has a history of making

errors on 6% of the invoices he Processes Forrest Paint [JT!!(.'L"\'\L‘(' 400 invoices last month
a. How many invoices would vou expect to have errors?
b. What is the probabilitv that Don made fewer than 20 errors?

¢. What is the probability that Don made more than 30 errors?

Jake runs the concession stand for a minor league baseball team in the Chicago area. He
knows that the sales of hot dogs are normally distributed with an average of 600 hot dogs
per day and a standard deviation of 45. Jake begins to consider how much to stock in his
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business after reading an article in Sport magazine (March 1989) about baseball in the
Chicago area. This article predicted good crowds for Chicago teams, and Jake thinks this
will affect his own business

Jake wants to make sure that he doesn’t run out of hot dogs. How many hot dogs should
he order so that the [l[fl}hl]!l]lf\ ot Tunnming out is less than 1% each dav?
I'he rate at which a swimming [)ncl] is filled is between 32 and 39 gallons per minute
Assume a uniform distribution.
a. What is the average rate at which the swimming pool is filled?
b. What is the probability that the rate at which the pool is filled at any one time is below

35 gallons per minute?

On the basis of a study, automobile inspectors in New Mexico have determined that 11%
of all cars coming in for annual inspection fail. What is the probability that more than

20 cars out of the next 130 cars tested will fail the mspection?

An automatic machine produces bearings, 2% of which are defective. If a sample of 600
bearings is drawn at random from the ]rm{im'hnll of this machine, what is the pl'nh.lhlh[’\'

of observing 6 or fewer defectives?

I'he personnel director of Kershaw's, Inc., Kelly Moreland, needs to administer an aptitude
test to 30 job applicants. Kelly has just read an article about labor shortages and how
managers cope with this problem in Personnel Management (May 1989 issue). This article
Hhiil‘_ Kt‘”‘\ f}”“L \ll]f]ll! ||fl\\ to Hmprove T}I& \{_l('(_!li!ll |)Tl?i_'(_'\‘- 1“?]’ ‘I'H'L't"\_ dlid ﬁ!l(_' h.l\ |‘fI'HE_:ht
an aptitude exam from a national company for use at Kershaw's,

I'he booklet for the test informs her that the average length of time required to complete

terminate the examination if she wishes to allow sufficient time for 80% of the applicants

the exam is 120 minutes with a standard deviation of 25 minutes. When should she

to fimish? (Assume that the test times are normally distributed

Associated Investment Advisors sells annuities based on annual payout during the lifetimes

of the participants in the plan. They have determined that the lengths of life of participants

in the plan are approximately normally distributed with a mean of 72 years and a standard

deviation of 4.7 years

a. What is the probability that a plan participant will receive payments beyond age 657
Beyond age 707 Bevond age 757 Beyond age 807

b. Sixty percent of the plan participants are bevond what age?

The city planner, Terry Novak, knows that mean family income is $28,000 with a standard
deviation of $9,000 in Bonners Ferry, Kentucky, a community of 20,000 households. He
also knows that family income is not a normally distributed variable. Terry is applying for
a grant and must answer the following question: At least what percent of incomes lic within

$10,000 of the mean income?

Innovative Technology Systems manufactures electronic cables for computers. Innovative
has found from past experience that 97% of the cables shipped are acceptable. They ship
most of their cables to Compagq Computers, and The Wall Street Journal (November 3,
1989) has just indicated that Compagq's stock plunged after it reported lower-than-expected
fourth-quarter profits. This has Innovative concerned about the quality of their cables

A shipment of 400 cables has just been sent to Compaq. Innovative’s contract calls for
at least 380 acceptable cables. What is the probability that this shipment will fulfill the

contract conditions?

You are finishing your business degree at State University. You have worked part-time at
Ranch Thrift, a large supermarket, for the past three years. Your boss, Archie Copeland,
knows that vou are Ullll!?h'!ilu: vour degree and asks vou to \Tm|_\ the average customer
expenditure per visit. You sample 500 customer expenditures and determine that this
variable is normally distributed with an average expenditure of $31.28 and a standard
deviation of $7.29. Write vour boss a memo analyzing the average customer t'\pL'mlllmL'

per visit
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EXTENDED EXERCISES

CHAPTER SIX

IRS REFUNDS

An [RS !'l'f,]]l.'l:.ll ofhce has |7|-.|Hu1 a |.!TL:¢.' \..'|||ap|g of tax refund amounts and found that
they form a bell-shaped curve that is symmetrical about a center line. Most refund values
are fairly close to this center value, suggesting a normal distribution. The average refund
amount for the office is calculated to be $748 with a standard deviation of $124. Since

the data plot is so close to a normal curve, it is decided that probability or percentage

queshons can be answered using the standard normal table

I'he regional ofhce is specifically interested in the proportion of large refund amounts
A refund greater than $1.000 is considered large, and the office would like to know what
percentage of current refunds, based on the normal distribution, are in excess of this
amount

A second question involves the office’s concermn with new withholding guidelines for
taxpavers. It has been estimated that the average refund amount will rise by $150 after
these guidelines go into effect, and the IRS office wonders how the percentage of large
refunds will be affected

The othice decides to assume a normal distribution, with a mean of $748 and a star

deviation of $124, to find the percentage of refunds over $1,000 that might be expected
based on current guidelines. The z value is calculated, and the resulting area is subtracted

from .50 to determine the area in the standard normal upper tail:

z 1,000 — 748)/124 = 2.03— 4785 (Area between 748 and 1,000
SO0 = 4788) =

(Area above 1,000

About 2% of the refunds under the current \\H]lhu.\hhuu u1||ci:.'lim;-. can be t\ll&,('ft‘fi te
exceed $1,000

With the new guidelines in effect, a $150 increase in the average refund amount can
be expected. This will increase the average refund to (748 + 150) = 898. It is assumed
that the standard deviation of refund balances will remain the same, $124, even though
the mean has shifted. This assumption is based on the notion that even though the average
increases, the degree of vanability in refund amounts will stay the same. Under this
assumption, the percentage of the normal curve above $1.000 can be found using the z
value and the standard normal table

z = (1,000 898)/124 = 0.82— .2939 (Area between 898 and 1,000)

5000 — .2939 2061 (Area above 1,000)

The increase in average refund amount raises the percentage of refunds over $1,000 t

about 21%. This increase from 2% to 21% 15 of great importance to the IRS office in

]1|;1||iul:;-_; tor hllldmg requirements and clerical ime. The information has resulted from

the assumption that refunds can be modeled with the normal distribution. giving the office

important lead time in dealing with the withholding |u-|u\ changes

1. What would happen to the percent of refunds over $1,000 if the average refund amount
actually dropped $75?

2. After the 2% hgure has been computed under the current withholding |!-J||('_\. how
could the assumption of a normal distribution be checked?

RANCH LIFE INSURANCE COMPANY OF FLORIDA
Kim Carter, statishcian for the Ranch Life Insurance Company of Florida, notices that
monthly premium receipts appear to follow a normal distribution. After plotting the receipts
for a typical month and observing their distribution. Kim decides that the normality
assumption is reasonable

Ranch is interested in determining the percentage of monthly receipts that fall into the
range 5125 to $175, since such amounts are difficult to handle. Thev are not large enough

CONT
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to warrant investment attention, unless there are many of them, nor are ﬂu'_\ small enough
to ignore by putting them into the cash account
T'o find the percentage of accounts in this range, Kim must compute the mean and
standard deviation of monthly premuum reccipls She determines these values to be $100
and $38, respectively
. What percent of monthly receipts can be expected to fall into the range $125 to $175?
2. Kim predicts that within two years the average monthly premium will rise to $150
Assuming the standard deviation remains the same, how would this change the answer

to Question 1?

23

Deseribe how the assumphtion ot normality !ml_:h! be verihied in this case.

SPECIFIC ELECTRIC

Jess Franklin of the finance department for the Specihic Electric Appliance Manufacturing
Company has been studying the interest rates charged on its short-term loans by the
company’s banks. For comparison purposes, he has been following the T-bill rate for
several months. The most recent vield, as reported in The Wall Street Journal (February
23, 1990), is 7.80%. He has also been carefully watching the rate charged by Specific’s
bank

]c\.\ has made the assumphon that his bank rate, which varies from day to dav, can be
described by a normal curve and has used normal curve procedures to compute various
[]Tl!il.lhlllht'\ I'hese probabilities are used in preparing for market rate shifts under an
acceptable level of risk.

In l:l.tkms; a presentation to top management of the firm, Jess briefly mentions the
normality assumption and then shows the computations for market rate probabilities and
the preparations based on these probabilities. During the presentation, the company pres-
ident, Mary Montana, interrupts with the following statement: “1 don’t know about your
assumption of a normal distribution for daily interest rates. It seems to me the assuniption
15 not \\1|1L1', since rates often seem to be on a fml-__'-k-:m increase or decrease. If that's
true, the assumption of a normal distribution may be valid, but not the assumption of an
unchanging average.”

What are the strengths in Mary's statement?
What are the weaknesses in Mary's statement?
Is there any way Many's concern about a shifting mean could be incorporated into

1
3

Jess's calculations?

GMAT Scores FORrR Crmy UNIVERSITY
Professors Williams, Ross, Stanley, and Richards are serving on the MBA Committee at
City University. The current task of the committee is to set a cutoff level for admitting
students into the MBA program using the GMAT (Graduate Management Admissions
l'est). Currently, the mean test score nationally is 475 with a standard deviation of 75
I'he scores are thought to be approximately normally distributed

I'he GMAT has been administered to the last 100 applicants for City's MBA program
Professor Ross suggests that these 100 scores should be analyzed to determine if applicants
to the MBA program at City University are similar to those nationally. If the sample is
similar, Professor Ross proposes that a score be chosen that would permit 25% of the
applicants to be admitted to the program. The 100 GMAT scores are

>68 395 159 288 396 442 672 492 465 323 494 456
606 456 514 497 399 562 507 457 449 553 492 375
365 415 575 432 378 403 518 $7¢ 355 170 512 527 36¢
422 S06 342 452 579 3000 {29 353 569 351 514 65 19
305 429 364 435 350 305 176 469 462 446 555 450
600 568 430 SK0) $50) 23 398 458 404 582 623 401
461 564 519 375 553 543 480 322 4% 136 #6465
412 483 151 389 611 369 368 +6Y9 345 522 479 +73
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I. Are City Umiversity applicants similar to the national average?

2. W Professor Ross's proposal is accepted, what cutoff score should be used for admittance

3. Professor Richards feels that one third of the applicants should be admitted. What
cutoft score would he propose?

59. EUREKA Dairy

Jim Black is in charge of quality control at the Eureka Dairyv, located in Deer Pak
Georgia. Jim is very concerned about the bacteria count per cubic centimeter of grade A
milk. On July 15 the bacteria count was 31,000. Jim's problem is to determine whethe
something is wrong with the production process. The Fureka Dairy over a long period o
time has regulated its processing to achieve a mean bacteria count of 21,000 with a standad
deviation of 3,000. A distribution plotted from the bacteria counts over a long period o
time is normal in form. Each day the count is plotted on a chart similar to that shows

in Figure 6,18, Jim needs to determine whether this chart is useful.

FiIcURE 6.18 Bacteria Counts in Grade A Milk
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July
. What are the chances in 1,000 that the bacteria count will exceed 30,000 if the dawe

to-day variation shown in Figure 6.18 is purely random?

What is the probability of a bacteria count of 31,000 or more?

TR ]

Which is the more reasonable assumption: that a bacteria count of 31,000 might
reasonablv be L'\|;L'Lh.'li, or that something 15 wrong? |'.\;J|.‘H|1 VOUT answer

1. Is the charting device shown in Figure 6,18 helpful in maintaining a high standad
of quality? Explain your answer

o1

Why would it be important for this dairy to find the mean value of these bacteris
counts every month?

MicroO COMPUTER PACKAGE

I'he micro pac Lt:t;(,’r:mpuh'r::(-d Business Statistics can be used to solve normal curve |:.'=-h|(5|h
In Situation 6.2, Applied Business Systems, Inc., needed to know what percent of its ordes
exceeded 135 miles. Applied’s analyst knows that shipping distances are normally distributed

with a mean of 125 miles and a standard deviation of 28 miles

Computer Solution

From the main menu of Computerized Business Statistics, a 5 is selected. which indicates
Probability Distributions. The probability distributions menu is shown on the screen. This menu
was presented at the end of Chapter 5

I'his problem involves the normal distribution. Since Applied needed to know what percent
of its orders exceeded 135 miles, the arrow is moved to normal P (X = a). Instructions now

appear on the screen, and data are entered in response to cach instruction as follows:



HAPTER SIX

dmittance?
tted. What

Deer Park,
of grade A
ne whether
g period of
1a standard
g period of
that shown

if the day-

000 might
h standard

s¢ bacteria

problems.
fits orders
distributed

1 indicates

['his menu

at percent
fions now

5

LConTiNuOt

s PrROBABILITY DISTRIBUTIONS

Enter Mean and Press ¢ 125
Enter Standard Deviationand Press «J 28
Enter Aand Press ed 135

I'he normal probability distribution for p

the correct answer for P

X

= 135

s

3601

125 and o

28 is shown on the screen, and



